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Abstract—In filter-and-forward (FF) based two-way relay networks, each transmission for data exchange between two transceivers consists of only two time slots (or phases). In the first time
slot, both transceivers transmit their data simultaneously to the
relays. The received signal of each relay is filtered using a finite
impulse response (FIR) filter to compensate for the frequency selectivity of the channels, and then, the output of the filter is forwarded to both transceivers in the second time-slot. In this paper,
new approaches to distributed cooperative beamforming for such
two-way relay networks with frequency selective channels are proposed. The first two distributed beamforming approaches assume
that the transmitted powers of the transceivers are given and fixed.
The first beamformer is based on minimizing the total transmitted
power of the relays subject to two constraints on the signal-to-intersymbol-interference-plus-noise ratio (SINR) at both transceivers.
The second beamformer is designed through maximization of the
lowest SINR of the two transceivers while keeping the relay transmitted power under certain levels. We show that these two problems can be cast as second-order convex cone programming problems. The other two distributed beamforming methods aim to calculate the transmitted powers of the transceivers as well as the
coefficients of the relay filters using two different beamforming
techniques. The first technique is based on the minimization of the
total transmitted power of the transceivers and the relays subject
to the SINR requirements for both transceivers, and the second
method maximizes the lowest SINR of the two transceivers subject
to a constraint on the total transmitted power. Simulation results
demonstrate that using an FF relaying strategy can significantly
improve the underlying performance measure as compared to the
traditional amplify-and-forward relaying approach.

Index Terms—Bidirectional relaying, distributed beamforming,
distributed equalization, filter-and-forward relaying, two-way
relaying.
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I. INTRODUCTION

R

ELAY networks have attracted much interest in the literature not only because these networks can exploit cooperative spatial diversity of different users in the network, but also
because they can extend the coverage of wireless communication systems [1]–[4]. The cooperative diversity can be achieved
when different users share their communication resources to
assist each other in conveying the information throughout the
network. This is accomplished by means of relaying messages
through multiple independent paths. Each transmission from a
source to its corresponding destination can consist of multiple
hops, and this enables the transmitted signal to be relayed to
a destination which is located beyond the reach of the source
transmission.
Different relaying strategies have been proposed to achieve
cooperative diversity. Amplify-and-forward (AF), decode-andforward (DF) and compress-and-forward (CF) relaying protocols have been widely used in relay networks [1]–[3]. Due to
its simplicity, the AF relaying protocol has become one of the
most popular relaying strategies. In the AF protocol, the relay
nodes forward properly scaled and phase-shifted versions of
their received signals to the destination. However, in the case
of frequency selective channels, the AF relaying strategy is not
efficient in suppressing the significant amount of intersymbol
interference (ISI) caused by the frequency of the channels. To
circumvent such a problem, a filter-and-forward (FF) relaying
strategy has been proposed in [5] and [6] as an extension of the
AF protocol. In the FF relaying protocol, the received signal
at each relay is passed through a finite impulse response (FIR)
filter, and then, the output of this filter is retransmitted to the
receiver.
Recently, several distributed beamforming approaches have
been developed for one-way relay networks, where a source
transmits data to a destination with the help of multiple relays [5]–[9]. Each transmission of the one-way relay network
consists of two phases. In the first phase, the source transmits
its data to the relay nodes. The received signals at the relay
nodes are processed and then retransmitted to the destination
in the second phase. In such one-way relay networks, the data
flow is in one direction, i.e., from the source to the destination. In the case when two transceivers wish to exchange their
data, several relaying schemes have been developed to establish a two-way relay-assisted communication link [11]–[16]. A
straightforward way to implement a two-way relaying scheme
is to combine two one-way relaying strategies, which convey
information in opposite directions. In the first two phases, one
of the two transceivers (e.g., ) transmits its data to the other
transceiver (e.g., ) using a one-way relaying scheme. In the
next two phases, another one-way relaying scheme is employed
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to convey information from
to . Such a two-way relaying
scheme is not bandwidth efficient as half of the channels are idle
during each transmission. A more efficient two-way relaying
scheme, proposed in [11], needs three time slots to exchange
two information symbols between the two transceivers. The two
transceivers transmit their data to the relays in the first and the
second time-slots, i.e., in temporally orthogonal channels. In the
third time-slot, the relay node retransmits a properly combined
version of its previously received signals to both transceivers.
The bandwidth efficiency can be further improved by introducing a two-time-slot two-way relaying scheme [12]–[16]. In
such two-way relay networks, two transceivers simultaneously
transmit their data to the relays in the first time-slot. The received signals at the relays are processed, and then, they are
forwarded to both transceivers in the second time-slot.
Distributed beamforming techniques that use the AF relaying strategy have been recently developed for two-time-slot
two-way relay networks with frequency flat channels [14]–[16].
However, these AF-based beamforming techniques can hardly
suppress the ISI when the channels are frequency selective,
i.e., when the symbol rate is comparable to the duration of
the channel impulse responses. To combat ISI, in this paper,
we propose four FF-based distributed beamforming methods
for the two-time-slot two-way relay networks with frequency
selective channels. We first consider the case where the transmitted powers of the two transceivers are predetermined in
each transmission. Our first beamforming method determines
the optimal coefficients of the relay filters by minimizing the
total relay transmitted power subject to two constraints on
the received signal-to-ISI-plus-noise-ratios (SINRs) of the
transceivers. Our second beamforming technique is based on
maximizing the lowest SINR of the two transceivers subject to
a constraint on the total relay transmitted power. We cast these
two beamforming problems as second-order-cone programming (SOCP) problems, which can be efficiently solved using
interior point methods [17]. We also develop two other beamforming approaches which optimally obtain the transmitted
powers of the transceivers as well as the coefficients of the relay
filters. One of these beamforming methods minimizes the total
transmitted power (i.e., the sum of the transmitted powers of the
transceivers and those of the relays) subject to two constraints
on the SINRs of the transceivers. We show that this design
approach leads to an optimization problem which can be solved
using a combination of a two-dimensional search and SOCP
programming. However, as the computational complexity of
such an approach is prohibitively high, we propose to use a
sequential quadratic programming (SQP) approach [18], [19] to
solve the corresponding optimization problem. We also develop
lower and upper bounds for the minimum total transmitted
power. Optimizing these bounds leads us to much simpler techniques which have semi-closed-form solutions. Our simulation
results show that the semi-closed-form solutions to the problems (that correspond to minimizing the aforementioned upper
and lower bounds) provide close-to-optimal performance when
they are used in the original total power minimization problem,
i.e., the upper and lower bounds are quite tight. In the second
joint power control and beamforming design, we consider
maximizing the lowest SINR of the two transceivers subject to
a constraint on the total power consumed in the network. For
this problem, we develop a semi-closed-form solution which
yields the beamforming weights in a closed form given that the
transmitted power of one of the transceivers is known. We also
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show that the transmitted power of each of the two transceivers
can be obtained using a one-dimensional search.
It is worth mentioning that our proposed network beamforming approach to combat ISI can be viewed as a distributed
single-carrier equalization method to compensate for the
channel frequency selectivity in the network. Alternatively,
one could use a multi-carrier approach to combat ISI [20].
In such an approach, orthogonal-frequency-division multiplexing (OFDM) scheme is used at all nodes to turn the
frequency selective channels to several parallel flat two-way
relay channels. On one hand, such a multi-carrier equalization is subject to intrinsic disadvantages of OFDM-based
equalization such as sensitivity to Doppler shifts and carrier
frequency offsets, high peak-to-average-power ratio, and loss
of spectral efficiency due to the insertion of the cyclic prefix or
the guard interval. Also, while the problem of power control
in OFDM-based two-way relaying has been considered in [20]
for a network with only one single relay, this problem remains
open for the case of multi-relay networks. On the other hand,
the multi-carrier approach proposed in [20] requires additional
circuitry for the network nodes when they act as relays to
help other nodes, whereas in an OFDM-based two-way relay
network, all nodes have the same OFDM precoder and decoder
and therefore the hardware would be the same on all nodes.
Studying and comparing these two equalization paradigms for
two-way relay networks, beyond the advantages and disadvantages mentioned above, is certainly an interesting topic and
requires due attention. However, such a study does not fit in the
scope of this paper and we defer that to our future work.
Following the introduction of the FF approach to combat the
ISI in relay networks with frequency selective channels in [5]
and [6], this approach was adopted quickly in [25]–[28]. We
used this technique in [25] to design an FF-based distributed
beamforming (or equalization1) algorithm for relay-assisted
multiple peer-to-peer one-way communications. We herein use
several criteria (one of which is similar to the one used in our
earlier work in [25]) to design FF-based beamforming methods
for two-way relay networks. Note that applying the technique
of [25] to a two-way relay network is not the right thing to do,
because in doing so, the self-interference would be treated as
“real” interference, and thus, it is eliminated, thereby wasting
the available degrees of freedom. In the current paper, our
approach benefits from the fact that self-interference can be
canceled without using any degrees of freedom, while applying
the method of [25] to a two-way relay network ignores this
important fact. The authors of [26]–[28] have also used the
FF approach to devise beamforming algorithms for frequency
selective one-way relay networks. In [26] and [28], the authors
studied the problem of cooperative FF-based beamforming for
frequency selective one-way relay channels for the case where
the destination deploys linear equalization and in the presence
of a direct link between the source and the destination. Unlike
[26], we herein consider a two-way relay network without
any equalization at the two transceivers and in the absence
of a direct link between the transceivers. In [27], the authors
concentrated on one-way networks with multiple multi-antenna
relay nodes while we herein consider a two-way network with
multiple single-antenna relay nodes. Parallel to our work, the
authors of [29] applied the FF approach to two-way relay net1In this paper, we have chosen the beamforming terminology to be consistent
with our earlier publication in this field. Nevertheless, our technique can also be
viewed as distributed equalization.
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Fig. 1. System model of the two-hop two-way relay network.

works where the transceivers could also use equalizers, thereby
participating in ISI cancelation.
The rest of the paper is organized as it follows. In Section II,
we present the data model for our relay network, and in
Section III, we develop our FF-based network beamforming
methods. Section IV presents the simulation results and
Section V concludes the paper.
II. SIGNAL MODEL
In this paper, we consider a half-duplex two-time-slot
two-way relay network with frequency selective fading channels. As shown in Fig. 1, two single-antenna transceivers
exchange their data with the assistance of single-antenna FF
relays. The exchange of two information symbols between the
two transceivers takes two time slots. In the first time slot, both
of the two transceivers broadcast their data to the relays. In the
second time-slot, each relay retransmits a filtered version of its
received signal to both transceivers. The FF relaying strategy
is employed to compensate for the frequency selectivity of the
transceiver-relay channels. In this paper, we assume that both
of the two transceivers have the full knowledge of the channel
state information (CSI) of all -relay and -relay links. The
transceivers can thus use this knowledge to determine the filter
coefficients of each relay according to a certain beamforming
criterion. We also assume that the optimal coefficients of the
relay filters are sent back to the relays by one of the transceivers
via a low-rate feedback link.
and the
The time-invariant reciprocal channels between
and the relays can be modeled as
relays and those between

relays,
and
are the
vectors of channel frequency
responses at frequency
, and is the maximum
channel length. Note that if the lengths of some of the channels are smaller than , one can always zero-pad the channels
to bring them to the maximum length . In this paper, we assume that the channel lengths as well as the lengths of the relay
filters are odd numbers. We also assume that the impulse reand the relays and those of
sponses of the channels between
and the relays have the same lengths.
the channels between
It is, however, straightforward to extend our method to the cases
where the channel lengths as well as the filter lengths are even
numbers or when the channel lengths are different.
In the first stage of each transmission, both transceivers
vector of the
broadcast their signals to all relays. The
signals received by the relays at time sample can be written as
(2)
where
is the
vector of the relay noises,
and
denote the signals
and
, respectively, and
denotes
transmitted by
the transpose. To equalize the frequency selectivity of the
transceiver-relay channels, we use the FF relaying strategy
at each relay. In such a relaying strategy, the received signal
of each relay is first filtered by an FIR filter. The output of
, is then retransmitted to both
each filter
transceivers. We can express the vector of the relay transmitted
signal
of the relays as

(1)

(3)

is the
vector of the th tap of the
respectively, where
and the
impulse response of the channels between the

where
,
is the
vector of the th effective filter taps of relay filter impulse re-
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sponses,
is an operator that generates a diagonal matrix
denotes
containing the entries of on its main diagonal,
the Hermitian transpose,
, and
is the length
of the relay FIR filters.
Based on the assumption that the channels between the transceivers and the relays are reciprocal, the received signals at the
transceivers can be written as

From (8) and (9), we can see that
and
can
be regarded as the effective multiple-input single output (MISO)
to
and from
to , respectively.
channels from
to
and
Lemma 1: The effective MISO channel from
to
are the same. That is
that from

(4)

Proof: See Appendix A.
.
, we can see that only the middle
From the definition of
is the desired signal at time instant and the
element of
other elements cause ISI. Let denote the middle column of
and let
and
contain the remaining columns of
such
. Then, (8) and (9) can be rewritten as
that

(5)
where
and
are the receiver noises. Using (2) and
(3) and following the derivations in [6], we can rewrite (4) and
(5) as

(10)

(6)

(11)

(7)

(12)

where
where

Using (11)–(12), the signal, the ISI, and the noise components
at the transceivers can be written as
(13)
(14)
(15)
respectively, where

.

III. FF-BASED TWO-WAY RELAY BEAMFORMING
for
and
. Here.
is the
identity matrix, denotes the Kronecker product, and
is the
matrix of zeros.
It can be seen from (6) and (7) that the received signal at the
transceivers include the corresponding self-signal earlier transmitted to the relays. Using the assumptions that the transceivers
have the knowledge of CSI and that both transceivers determine
the weighting coefficients of the relays, the self-signal components from the transceivers can be eliminated and the resulting
received signal can be rewritten as

(8)
(9)

We consider four distributed beamforming problems in
this paper. The first two beamforming techniques consider
the case where the transmitted powers of the transceivers are
predetermined. The first beamforming method minimizes the
total relay transmitted power subject to two constraints on the
transceiver received SINRs while the second beamforming
approach maximizes the lowest transceiver received SINR
subject to a constraint on the relay transmitted power. In the
last two beamforming techniques, the transmitted powers of the
transceivers as well as the relay filter coefficients are obtained
using two different beamforming approaches. Hence, these two
techniques can be viewed as jointly optimal power allocation
and distributed equalization. One approach minimizes the total
transmitted power subject to the SINR requirements at the two
transceivers, and the second approach maximizes the lowest
SINR of the two transceivers subject to a constraint on the total
power consumed by the transceivers and the relays.
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A. Minimization of the Total Relay Transmitted Power

Thus, the total relay transmitted power can be expressed as

The beamforming problem that minimizes the relay transmitted power subject to two constraints on the SINR of the two
transceivers can be formulated as
subject to

(16)

denotes the total relay transmitted power and
where
denotes the signal-to-ISI-plus-noise-ratio of , for
,2. The
optimization problem in (16) can be used when the transceiver
transmitted powers are given and the network is to be designed
to be power-optimal while satisfying two SINR constraints required to meet certain data rates or given minimum probabilities
of error.
Introducing

(21)
where
can be written as

,

. The received SINR at

(22)
Using (13), we have
(23)
Making use of (14), we obtain that
(24)
. Using (15), we also have

where
we can rewrite (3) as [6]
(17)
Using (17), the transmitted power of the
written as

th relay can be
(25)

(18)
where

th column of the identity matrix,
,
, is the transmitted power of
, and
is the relay noise power. In (18), we assume that the
signals transmitted by the two transceivers are independent and
the relay noises are spatially and temporally white. Considering
is a diagonal matrix, we have
the fact that
.
Using this result along with the notation
,
we have

where
, and
is the received noise power
at . In this paper, we assume, for the sake of simplicity, that
the noise powers of the transceivers and the relays are equal to
. We prove in Appendix B that
each other, i.e.
. Using (21)–(25), the optimization problem in (16)
can be rewritten as

is the

(19)

subject to
(26)
It can be seen that the value of the objective function and
the feasibility set of (26) are invariant to multiplication of
by any unit-norm scalar. Therefore, without loss of optiby a unit-norm scalar such that
mality, we can multiply
, and thus, can rewrite (26) as

Using (19), we can rewrite (18) as
subject to
(20)
where

(27)
where
,
and
denote the real
and imaginary parts of a complex number, respectively, and
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denotes the norm of a vector. The problem in (27) can be written
in the following standard convex SOCP problem format:

Following the same approach we used to derive (26)–(28), we
can rewrite (30) as

subject to
subject to

(31)

(28)
where

is the first entry of

and

It can be seen from (31) that for any fixed value of , the problem
subject to

Therefore, the distributed beamforming problem in (28) can be
efficiently solved using interior point methods [17].
We end up this subsection by mentioning that the optimization problem in (26) can be alternatively written as a quadratically constrained quadratic programming problem (QCQP)
where the kernel matrices in the corresponding quadratic
constraints are indefinite. Nevertheless, this QCQP problem
can be solved using the well-known semi-definite relaxation
technique, and in light of the result of [24], it is guaranteed to
have a rank-one solution. However, the SOCP formulation is
more attractive due to its lower computational complexity as
compared to the semi-definite programming solution.
B. Maximization of the Worst SINR With Predetermined
Transmitted Powers of the Transceivers
In this section, we consider a distributed beamforming
problem that maximizes the lowest SINR of the transceivers
subject to a constraint on the total relay transmitted power. The
beamforming problem can be formulated as

(32)
is an SOCP feasibility problem. Therefore, problem (31) is a
quasi-convex problem [9], [21]. Assuming to be the optimal
. On the
solution of (31), problem (32) is infeasible if
, the problem in (32) is feacontrary, we can see that if
sible. Based on this observation, the optimal solution of (31) can
be found using a bi-section search method [6], [9]. Let
be the interval where lies in. The bi-section search procedure
to find the optimal solution of (31) can be described in the following steps:
.
1)
2) Solve the convex feasibility problem (32). If (32) is fea, otherwise
.
sible, then
then stop. Otherwise, go to Step 1.
3) If
Here, is the tolerance of our error in finding and the value of
is chosen as the smallest of the two SINRs, which correspond
to the maximum values of the SINR in two one-way FF-based
to
and one from
to
.
relay networks, one from
These SINRs can be obtained using [6, eq. (48)].
C. Minimization of the Total Transmitted Power

subject to
(29)
is the maximum relay transmitted power budget.
where
The optimization problem in (29) can be used to design a
distributed beamforming (equalization) technique under fixed
transceiver transmitted powers and for given total relay transmitted power such that the smallest of the SINRs is maximized.
Substituting (21)–(25) into (29) and introducing a new vari, we can rewrite (29) as
able

subject to

In this and next subsections, we consider two new beamforming problems that use the transmitted powers of the transceivers as well as the relay filter coefficients as the design parameters. In this subsection, we present a two-way distributed
beamforming problem based on the minimization of the total
transmitted power (including the transceiver transmitted powers
and the total relay transmitted power) subject to two constraints
on the transceiver SINRs. The beamforming problem can be formulated as

subject to

(30)

(33)

Unlike the previous two design approaches, the design parameters in (33) include not only the beamforming weight vectors
but also the transceiver transmitted powers. The optimization
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problem in (33) is used when the goal is to design jointly optimal power allocation and distributed beamforming (equalization) techniques such that the whole network is power-optimal
while satisfying two SINR constraints required to meet certain
data rates or given minimum probabilities of error.
Using (21)–(25), the problem in (33) can be rewritten as

subject to

1933

and this, in turn, is equivalent to
for
which follows from the fact that the largest eigenvalue of the
matrix
is equal to
, for
1, 2. If the lengths of the relay filter
are increased so that
, then
is a low rank matrix. Let
and denote the minimum eigenvalues of
and
,
and
. As proved in
respectively. Then, we have
[22], we can prove

(34)
Unlike the two-way distributed beamforming problem
studied in [14] for the case of frequency flat channels, the
SINRs in (34) are not linearly dependent on the transmitted
powers of the transceivers ( and ). As we can see from
(34), the nonlinearity is introduced by the ISI through the
and this makes solving (34) challenging. The inmatrix
equality constraints in (34) are satisfied with equalities when
the solution is optimal. Otherwise, the optimal values of
and
can be reduced to turn these inequalities to equalities,
which decreases the objective function and this contradicts the
optimality. Therefore, the constraints in (34) are equivalent to
(35)
(36)
Using (35) and (36), we can rewrite (34) as

(37)
The two constraints in (37) ensure that
and
, as required in the optimization problem (34). We can see
that the problem in (37) is infeasible if the matrices
or
are negative semidefinite. Therefore,
the problem in (37) is feasible if and only if
for

(38)

denotes the largest eigenvalue of a matrix. Othwhere
, for some , the matrix
will be
erwise, if
semi-negative definite for that particular , and hence, the corresponding quadratic constraint can not be satisfied. We now show
that the feasibility of the problem in (38) is improved as the
lengths of the relay filters are increased. As defined in Section II,
and has a dimension of
.
We can see from the structure of that in general
has full
. In such cases, (38) is equivrank when
alent to
for

which shows that
is non-negative, no matter how high
the SINR requirements for the transceivers are. Therefore, the
feasibility of the problem in (37) is improved with increasing of
the lengths of the relay filters.
To solve problem in (37), one can use an SQP approach [18],
[19]. As the problem in (37) is not convex, using SQP programming may not lead us to the global minimum of the cost function
of (37). In fact, convexity is sufficient and necessary condition
for the SQP technique to converge to the global minimum. To
obtain the global minimum of this cost function, we now develop a technique which is a combination of a two-dimensional
search and SOCP programming.
and
denote the optimal solutions of
and
in
Let
and
can
(37), respectively. In what follows, we show how
and
be obtained using a grid search method. Assuming that
lie in the intervals
and
, respectively, we
into a sufficiently
can discretize the area
and
, problem (37) is
fine grid. For each fixed pair of
equivalent to the problem in (26), which can be solved using
SOCP problem as shown in (28). The optimal solution to (37)
and
that results in the smallest
corresponds to the pair of
total transmitted power. In all simulations, the optimal solutions
obtained by SQP and the grid search method coincide with each
other. However, the computational complexity of the grid search
method is too high to be used in practical applications. As such,
this method is used in our simulation results only to benchmark
the performance of the SQP-based technique.
We now develop lower and upper bounds to the total power
minimization problem and show that the corresponding optimization problems have semi-closed-from solutions. Using
these solutions for the original problem, although being suboptimal, provides computationally simple solutions to the problem
in (37). As will be shown in our numerical examples, these
two suboptimal solutions perform very close to the SQP-based
solution.
1) Lower Bound: We now provide a lower bound to the optimal value of the cost function of (37). The distributed beamforming problem in (37) can be relaxed as
(39)
where we have ignored the ISI term in the denominator of SINR,
. In other words we have used the
i.e., we have set
signal-to-noise ratio (SNR) instead of SINR and this indeed
leads us to a relaxation of the optimization problem in (37).
Therefore, solving (39) provides a lower bound to the minimum value of the objective function of (37). The optimization problem (39) is similar to that solved in [14] for the case
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of frequency flat channels. Note, however, that the definitions
,
, and in (39) are different from the corresponding
of
definitions in [14]. That is, these parameters are herein defined
through the frequency selective channels.
It has been proved in [14] that the cost function of the
minimization problem in (39) has a unique minimum, and
thus, this minimization can be solved using a steepest descent
gradient-based algorithm. Alternatively, a computationally
efficient semi-closed-formsolution to this problem has been
presented in [16], [30].
2) Upper Bound: To develop an upper bound to the objective
function of the optimization problem in (37), we can write this
objective function as (40), shown at the bottom of the page. It
is a
can be easily proved that the objective function
, when the value of
monotonically decreasing function of
is fixed. Considering that and are non-negative
is when
numbers, we obtain that the minimum value of
,
. Therefore, for any values of , the
cost function of the problem in (37) is upper bounded by the
is replaced
value of the objective function in (40) when
remains fixed, that is
with zero while

(41)
Now let us consider the following minimization problem:

subject to

in (42) directly may not be easy, we show how we can solve
this problem using the notion of equivalent one-way relaying
scheme originally introduced in [16], [30].
and
with
and 0,
In (35) and (36), replacing
respectively, yields
and

(43)

Using (43), the beamforming problem in (34) can be rewritten
as

subject to

(44)

The problems in (42) and (44) are equivalent to each other
because, at the optimum, the inequality constraint in (44) is
satisfied with equality. Hence, instead of solving (42), we can
solve (44). The optimization problem in (44) corresponds to the
total power minimization problem for a one-way relay network
acts like a source and where the SINR threshold at the
where
destination (i.e., ) is set to
. We can see from (44) that,
in a two-way relay network with the SINR requirements for the
and , the optimal transmitted
two transceivers given as
power is upper bounded by the optimal transmitted power of
a one-way relay network with the received SINR requirement
. Using an approach similar to that developed in [16]
for the case frequency flat channels, the beamforming problem
in (44) has a semi-closed-form solution. In what follows we
use this approach to obtain this semi-closed-form solution. To
do so, we rewrite (44) as

(42)

As explained above, the objective function in (42) is an upper
bound to the objective function in (37). Also note that the constraint in (42) is tighter as compared to both constraints in (37).
That is, the feasible set in (42) is a subset of that in (37). This
means that solving (42) provides an upper bound to the minimum total transmitted power obtained by solving (37). Note
that as the solution to the optimization problem (42) is not optimal for the problem in (37), using this solution will result in
a value for the total transmitted power which is larger than,
or equal to the minimum value of the minimum total transmitted power obtained by solving the problem in (37). Therefore, solving (42) and using its solution to calculate the total
transmitted power will result in another upper bound on the minimum total transmitted power. As such, we now show how we
can solve the optimization problem in (42). To do so, note that
and , as long
the constraint in (42) does not change with
as
is fixed. Although solving the optimization problem

subject to
(45)
For any feasible value of , the inner minimization is a QCQP
problem with the following closed-form solution:
(46)
,
where
complex vector
the
eigenvector of the matrix

, and
is the normalized principal

(47)

(40)
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The QCQP problem in (45) is infeasible if
that

is chosen such

(48)
or, equivalently, the QCQP problem in (45) is feasible if
(49)
Inserting (46) into (45) and using (49) leads us to the following
one-dimensional optimization problem:
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We now use these properties to show that the optimization
problem in (52) can also be solved using SQP. To do so, we
and
leads us to the following
note that equating
and :
relationship between
(53)
where we have used the fact that
for
,2. In
light of (53), we can rewrite the optimization problem in (52) as

subject to
(54)

subject to

(50)

or, equivalently, as

Once (50) is solved, the corresponding optimal value of
as in (46), and eventually, the lower bound of minimum total
transmitted power can be found.

subject to

(55)

For any feasible value of , the solution to the inner maximization in (55) is given by [9]

D. Maximization of the Worst SINR
The distributed beamforming problem that maximizes the
smallest received SINR of the transceivers subject to the total
transmitted power constraint can be written as

(56)
where

subject to

(51)

where
denotes the maximum allowable total transmitted
power of the relay network. The optimization problem in (51)
is an alternative approach to design jointly optimal power allocation and distributed equalization techniques. This approach
enables us to determine the best performance, in terms of
the smallest received SINRs, under a total transmitted power
budget.
Making use of (21)–(25) and employing an auxiliary variable
, we can rewrite problem (51) as

(57)
and the corresponding maximum achievable balanced SINR is
expressed as
(58)
where
fined as

is the largest eigenvalue of the matrix

de-

subject to
(59)
. As the rank of
and
largest eigenvalue is given by

is one, its

(52)
It can be seen that at the optimum point, the power constraint
and
in (52) is satisfied with equality. Otherwise,
(and hence, the optimal value of ) can be increased by increasing the optimal
and
while the power constraint is
still satisfied and this contradicts the optimality. It can also be
seen that the two received SINRs are balanced at the optimum,
. This can be proved by contradiction
that is,
as it follows. Without loss of generality, let us assume that
when the solution is optimal. However,
so that
we can decrease the value of
and the power constraint will still be satisfied with inequality,
which contradicts with our earlier argument that the power constraint should be satisfied with equality at the optimum point.

(60)
As a result, the optimal value of
can be obtained as the solution to the following one-dimensional optimization problem:

(61)
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As the optimization problem in (61) is one-dimensional, it can
be efficiently solved using simple search techniques. Note that
there is a significant difference between the approach of [10] and
our results in this paper which is due to the existence of interin the optimization problem
ference represented by matrix
to would result in the same opti(52). In fact, equating
mization problem as in [10] where SNR balancing is used to design jointly optimal power control and distributed beamforming
techniques for the case of two-way relay networks with frequency flat channels. In this case, it has been proven in [10]
that the SNR balancing problem is equivalent to a one-dimensional convex problem and thus bisection method can be used
to obtain the transmitted power of any of the two transmitters.
, the optimization problem in (52) would
By choosing
have the same convex structure as the SNR balancing problem
considered in [10]. With a non-zero , however, such an equivalency may not exist and the problem in (52) may not be convex.
Nevertheless, we propose to use a one-dimensional search (instead of one-dimensional bisection method proposed in [10])
to solve (52). Naturally a one-dimensional search may not be as
fast as a one dimensional bisection algorithm and this is the price
to be paid due to the potential non-convexity of the problem in
(52).
Remark: Our approach can be viewed as distributed beamforming in the sense that the relays do not have access to each
other’s signals and they process only their own signals. There
are of course other levels of distributivity which are quite desirable. For instance, a desirable feature would be a level of distributivity where each relay requires only a few global parameters in addition to its own local channel state information and
the global parameters would be determined by a control center
which has global channel state information. For two examples
of such techniques, we refer our reader to the one-way network
beamformer of [7] and the two-way distributed beamformer of
[14]. In the current context, such level of algorithm distributivity seems to be too difficult to achieve. Most of our proposed
network beamforming schemes do not seem to be amenable to
such a distributed implementation. This is mainly due to the
non-diagonal structure of the matrix . The only exception is
the lower bound approximation resulting in (39) where the mais ignored. As this optimization problem has a structure
trix
which is similar to the one solved in [14] for the case of frequency flat channels, the distributed implementation developed
in [14], which has the aforementioned desired feature, can be
used to obtain the design parameters. We refer our reader to [14]
for further details on distributed implementation of the solution
to (39).
IV. SIMULATION RESULTS
In our simulations, we consider a relay network with
relays and quasi-static frequency selective transceiver-to-relay
. The channel impulse response cochannels with lengths
efficients are modeled as zero-mean complex Gaussian random
variables with an exponential power delay profile [6]
(62)
where
denotes the delay spread and
is the symbol durais used. The relay and the
tion. In our simulations,
transceiver noises are assumed to have the same powers.

Fig. 2. The average values of the total relay transmitted powers versus minimum required SINR, obtained by solving (28), for different filter lengths; first
example.

Fig. 3. Feasibility probability versus minimum required SINR, obtained by
solving (28), for different filter lengths; first example.

In our first example, we evaluate the performance of the distributed beamforming approach in (28). The transmitted powers
of both transceivers are assumed to be 10 dB above the noise
power. We assume that the users have the same minimum re.
quired SINR, i.e.
Fig. 2 displays the average values of the total relay transmitted power versus the minimum required SINR for different
lengths of the relay filters. We observe that the problem in (28)
is infeasible when the SINR requirements cannot be satisfied.
In our simulations, the problem is said to be infeasible if it is
actually infeasible in more than half of the simulation runs. The
points corresponding to such infeasible cases are dropped from
the figure. We can see that the total relay transmitted power decreases significantly and the problem feasibility improves, as the
lengths of the relay filter are increased. Fig. 3 shows the probability of feasibility versus SINR for different relay filter lengths
. It can be seen that the range of feasible values of SINR inincreases.
creases as
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Fig. 4. The average values of the maximum worst SINRs of
and
versus
maximum allowable relay transmitted power, obtained by solving (31), for different filter lengths; second example.

Fig. 6. The average values of the total transmitted powers versus minimum
required SINR, obtained by solving (37) using SQP and compared to the SOCPbased method, for different filter lengths; third example.

Fig. 5. The average values of the SINRs of
and
versus maximum allowable relay transmitted power, obtained by solving (31), for different filter
lengths; second example.

Fig. 7. The comparison of the performance of the SQP-based solution to (37)
with those of the upper bound and lower bound problems; third example.

In our second example, we examine the performance of the
beamforming technique in (31). The transmitted powers of
and
are assumed to be 15 and 10 dB higher than the noise
variance, respectively. Fig. 4 shows the average values of maxand
versus the maximum allowimum worst SINRs of
able relay transmitted power. As shown in the figure, the SINR
increases as the lengths of the relay filter are increased. In contrast to the problem in (28), the optimization problem in (31) is
always feasible since we can always reduce the SINRs of the
transceivers until the power constraint is satisfied. Fig. 5 displays the average values of the SINRs of the two transceivers
for different lengths of the relay filters. It can be seen from this
is lower than the received
figure that the received SINR of
for any lengths of the relay filters. This is due to the
SINR of
is lower than that
assumption that the transmitted power of
of . However, the SINRs of the two transceivers are closer to
be balanced when the relay transmitted power or the lengths of
the relay filter are increased.

Our third example is devoted to the performance evaluation
of the distributed beamforming technique in (37). We assume
that the users have the same minimum required SINR. In Fig. 6,
we have compared the performance of the SQP technique used
to solve (37) with that of the SOCP-based technique (which
. For
yields the optimal performance) for different values of
the SOCP-based method, the value of
and
can be oband
can be set to
tained from the solution to (44) and
be 0. This figure shows clearly that for any given value of the
minimum required SINR ( ), the performance of the SQP technique, in terms of the total transmitted power, is very close to
that of the optimal solution obtained by the combination of the
two-dimensional search and SOCP programming.
Fig. 7 illustrates the performance of the SQP-based technique
as well as those corresponding to the optimization of the upper
and lower bounds of the total transmitted power. The inset on
this figure magnifies a part of the curves for better visibility. In
this figure, we have also plotted the value of the total transmit
power for the solution obtained from the upper bound problem
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Fig. 8. The average values of the total transmitted powers versus minimum required SINR, obtained by solving (37), for different filter lengths; third example.

Fig. 10. The average values of minimum SINRs of
and
versus total
transmitted power, obtained by solving (52), for different filter lengths; fourth
example.

Fig. 9. The average values of total transmitted powers versus minimum required SINR for beamformers (37) and (28); third example.

Fig. 11. The average values of SINRs of
and
versus total transmitted
power, obtained by solving (52), for different filter lengths; fourth example.

in (42). As can be seen from this figure, these bounds are quite
tight. As such, we can use the solution to the minimization of
the upper bound for our total transmitted power minimization.
Note, however, that the solution to the minimization of the lower
bound is not introduced as the solution to our problem. The
reason is that, while developing the lower bound, we relaxed
SINR constraints into SNR constraints. Thus, the solution to the
lower bound problem may not satisfy the SINR constraints.
Fig. 8 displays the average values of the total transmitted
powers versus the minimum required SINR for different lengths
of the relay filters. As can be seen from this figure, the transmitted power decreases monotonically as the lengths of the relay
filters are increased. To compare the beamforming technique
in (37) with the beamforming approach in (28), in Fig. 9 we
plot the average values of the total transmitted powers
versus the minimum required SINR for these two
and
. In beamformer (28),
beamformers with
and
are 15 and 10 dB higher than the noise variance,
respectively. As can be seen from this figure, the total transmitted power of the beamforming technique in (37) is lower

than that of beamforming method in (28) for any lengths of
relay filters. The performance improvement of the beamforming
method of (37) is more pronounced at low SINRs as well as for
high SINR regimes, when the beamforming technique of (28)
becomes infeasible.
In our last example, we test the performance of the beamforming method in (52). Fig. 10 shows the average values of
and
versus the maximum allowable
the worst SINRs of
total transmitted power for different relay filter lengths. Fig. 11
and
versus the maximum
shows the received SINRs of
allowable total transmitted power for relay filter length
and
. From this figure, we can see that the curves of
the received SINRs of the two transceivers totally overlap with
each other, which verifies the SINR balancing property of this
beamformer. Fig. 12 shows the average values of the maximum
worst received SINR versus total transmitted power for beamformers (31) and (52). As follows from the figure, the minimum
received SINR of the beamformer in (52) is much higher than
that of beamformer (31).
corresponds to the beamIn all four examples,
forming technique of [14] that uses the AF relaying strategy. It
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prohibitive, we developed a sequential quadrature programming
based solution which offers a performance that is very close to
that provided by the two-dimensional search based method.
The fourth beamformer introduced in this paper deals with
maximizing the lowest received SINR of the two transceivers
subject to a constraint on the total transmitted power consumed
in the whole network. This design approach is shown to lead to
a computationally efficient semi-closed-form solution.
Computer simulations have demonstrated that the proposed
approaches have significant performance improvements compared to the existing amplify-and-forward relay beamforming
techniques.
APPENDIX A
PROOF OF LEMMA 1
Using (2), (3) and (5), due to the transmission of
signal component received by
can be written as

, the

Fig. 12. The average values of the maximum worst SINRs of
and
versus
total transmitted power for beamformers (52) and (31); fourth example.

can be seen that the proposed FF-based beamforming technique
methods significantly outperform their AF-based counterparts
presented in [14] as the latter techniques are not (neither have
they claimed to be) applicable in the case of frequency selective
channels.

V. CONCLUSION
We have proposed four alternative approaches to the problem
of distributed beamforming for two-phase two-way relay networks in the case of frequency selective channels. Two transceivers simultaneously transmit their signals to multiple relays
equipped with FIR filters to compensate for the time dispersive
effects of frequency selective channels. The filtered signals are
then retransmitted back to the transceivers. Considering the case
where the transmitted powers of the transceivers are predetermined, the first beamforming method relies on the minimization
of the total relay transmitted powers subject to two constraints
on SINRs at the two transceivers. The second beamformer is
designed via maximization of the lowest SINR subject to a constraint on the total relay transmitted power. We have shown that
both problems can be written as second-order-cone programming problems which can be solved efficiently using interior
point methods.
The other two beamformers address the problems of optimizing the powers of the two transceivers as well as the coefficients of the relay filters under two different design criteria.
The first of these two beamformers is designed by minimizing
the total transmitted power consumed in the whole network subject to two SINR constraints. We have shown that this approach
leads to a solution which involves a two-dimensional search
over a sufficiently fine grid encompassing all possible values
of transceiver transmitted powers. At each vertex of this grid,
the minimum total transmitted power corresponding to the respective pair of transceiver transmitted powers is obtained by
optimally calculating the relay filter taps via second order cone
programming. Then, the vertex with the smallest minimum total
transmitted power yields to the solution of the underlying beamforming design problem. As this technique is computationally

(A1)
Comparing (A1) with (9), we have
(A2)
and the matrices
Considering the facts that
,
, are diagonal, (A1) can be rewritten
as

(A3)
Following the derivation in Section II, we can write (A3) as
(A4)
Comparing (A2) with (A3), we conclude

and this completes the proof.
APPENDIX B
PROOF OF
Using the expression of

in (25), we have
(B1)

Since
the th row block of , we have

and

denotes

(B2)
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where we have used the fact that
property
(B2) as
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. Using the
, we can rewrite

Using

, (B8) can be written as

(B9)

(B3)
Using (B3) and the fact that
obtain

, we

is diagonal and
where we have used the fact that
. Comparing (B5) and (B9), we conclude that
(B10)

(B4)

for any value of
can prove that

. Hence, we have
.

. Similarly, we

Using (B4), equation (B1) can be rewritten as
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